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1 Introduction
Uncertainty principles are a striking manifestation of local-global phenomena in Fourier analysis, with wide
ranging applications from quantum mechanics [1] to computational complexity theory [2]. Over a finite
abelian group G, the classical uncertainty principle asserts that any nonzero function f : G→ C satisfies
| supp f | · | supp fˆ | ≥ |G| , (1)
where fˆ : Z/p → C denotes the Fourier transform of f , and supp g denotes the support of the function
g. It is easy to check that inequality (1) is tight for any characteristic function 1H of a subgroup H of G.
More specifically, (1) is tight precisely when the function f is the scaled characteristic function of a coset of
a subgroup.
This suggests that the simple groups Z/p—having no nontrivial subgroups—may play a special role in
the theory and, in particular, may enjoy a stronger uncertainty principle. Indeed, a recent article of Tao [3]
establishes a remarkable strengthening over these groups: any nonzero f : Z/p→ C satisfies
| supp f |+ | supp fˆ | ≥ p . (2)
A subsequent article of Meshulam [4] establishes an analogous statement for the groups Z/pn under the
(necessary) condition that the function f is suitably “distant” from any subgroup coset characteristic function.
These results indicate the possibility of a refined theory that establishes stronger inequalities so long as the
function under consideration avoids certain “defects” described by the subgroup structure.
The analogous questions over finite fields are not as well understood. For a prime power q congruent to
1 modulo p, the Fourier transform can be realized over the finite field Fq, as there is a principal pth root of
unity ω in Fp. In particular, the Fq-vector space of functions {f : Z/p→ Fq} is spanned by the Fq-characters
χt : z 7→ ω
tz , t ∈ Z/p ,
and the associated change of basis is carried out by the familiar Fourier transform matrix
F = p−1


. . .
...
. . .
· · · ωkℓ · · ·
. . .
...
. . .

 .
While the uncertainty principle (1) is preserved in this setting, the extent to which it can be strengthened
along the lines of (2) remains unclear. Motivated by a direct connection to the long-standing open question
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of the existence of asymptotically good cyclic codes, Evra, Kowalski, and Lubotzky [5] have carried out a
comprehensive study of this question. They point out some particular settings where (2) fails, but conjecture
that intermediate variants—that is, inequalities stronger than (1) but not as strong as (2)—hold in generality.
In this note, we establish a strengthened uncertainty principle for functions f : Z/p→ Fq with a constant
support (where p | q − 1). In particular we show that for any constant S > 0, functions f : Z/p → Fq for
which | supp f | = S must satisfy | supp fˆ | = (1 − o(1))p. (Here the o(1) notation denotes a function which
limits to zero in p.) The proof relies on an application of Szemeredi’s theorem and, in fact, the celebrated
improvements by Gowers [6] translate into slightly stronger statements in our setting (permitting conclusions
for functions possessing slowly growing support as a function of p).
Theorem 1. Let p be a prime and q be a prime power for which p | q − 1. Then any nonzero function
f : Z/p→ Fq with | supp f | = m satisfies
| supp fˆ | ≥ p− rm(p) ,
where rm(p) is the size of the largest subset of Z/p avoiding arithmetic progressions of length m.
In preparation for the remaining discussion, we record a few facts about arithmetic progressions modulo
a prime p. An arithmetic progression of length m in Z/p is a subset of the form {a+ kb | 0 ≤ k < m} with
cardinality m. For a prime p and a natural number m we define rm(p) to be the cardinality of the largest
subset of Z/p containing no arithmetic progression of length m. A historic—and highly influential—result
of Szemere´di [7] established that rm(p) = o(p) for any constant m as p→∞. (See the book by Tao and Vu
[8, Theorem 10.5].) In 2001, Gowers [6, Theorem 18.6] established concrete upper bounds on rm:
rm(p) ≤
p
(log log p)2−2
m+9
.
Proof. With p and q as indicated in the statement of the theorem, consider a nonzero function f : Z/p→ Fq.
The Fourier expansion of f is determined by the equality

 fˆ(0)...
fˆ(p− 1)

 = p−1


. . .
...
. . .
· · · ωkℓ · · ·
. . .
...
. . .


︸ ︷︷ ︸
F
·

 f(0)...
f(p− 1)

 ,
where F is the Fourier transform matrix discussed above. Writing
S = supp f , m = |S| , and Z = supp fˆ ,
we first note that every minor of F given by the columns indexed by S and the rows indexed by a subset
Z ′ ⊂ Z of size m must be degenerate. Otherwise, considering that f is nonzero precisely in the coordinates
indexed by S, a non-degenerate minor would necessarily induce a non-zero coordinate (of fˆ) in the set Z ′ ⊂ Z
(of zeros of fˆ).
To complete the proof, we will see that any m×m minor of F indexed, say, by sets K = {k1, . . . , km} of
columns and L of rows, must necessarily have full rank if L is an arithmetic progression. This will complete
the proof, as we conclude that Z can contain no arithmetic progression and hence must have cardinality no
more than rm(p), as desired. It remains to check that a minor indexed by the sets K and L, as described
above, is non-degenerate. If the rows L form the arithmetic progression a, a + b, . . . , a + (m − 1)b the
2
determinant of the resulting matrix can be computed exactly:
det


ωak1 . . . ωakm
ω(a+b)k1 . . . ω(a+b)km
...
. . .
...
ω(a+(m−1)b)k1 . . . ω(a+(m−1)b)km

 = det


(ωbk1)0 . . . (ωbkm)0
(ωbk1)1 . . . (ωbkm)1
...
. . .
...
(ωbk1)m−1 . . . (ωbkm)m−1


︸ ︷︷ ︸
(†)
·
∏
i
ωaki
=

∏
i<j
ωbki − ωbkj

 ·
(∏
k∈K
ωak
)
,
where we recognize (†) as a Vandermonde matrix. This is nonzero, considering that b 6= 0 and the ki are
distinct.
Remark. Over the field C, every minor of the Z/p Fourier transform matrix has full rank. This fact—
originally discovered by Chebotarev in the 1930s (cf. Stevenhagen and Lenstra [9])—has been given atten-
tion by many authors (cf. Dieudonne´ [10], Frenkel [11], Evans and Isaacs [12], Reshetnyak [13], Newman
[14]), and—along with the same relationship applied above between degenerate minors and the uncertainty
principle—is the basic algebraic fact supporting the proof of the strong uncertainty principle over C by Tao
[3]. On the other hand, Evra et al. [5] provide examples of minors that are degenerate in the finite field set-
ting. The development above provides an upper estimate for how many rows can be selected while avoiding
full rank.
Acknowledgements. We thank Shai Evra for explaining the history of the problem and for pointing out
that the proof can be realized over alternate coefficient rings.
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